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Abstract
We develop the non commutative Chern-Simons gauge model analysis
modeling the description of the hierarchical states of fractional quantum Hall
fluids. For a generic level n of the hierarchy, we show that the order parameter
matrix Kab is given by θ−2Tr(τaτb), where fτa, 1  a  ng dene a specic
set of n  n matrices depending on the parameter θ and the levels la of the
CS eective eld theory. Our analysis predicts the existence of a third order
tensor of order parameters Cabc induced by the external magnetic eld. It is
shown that the Cabc’s are not new order parameters and are given by θdabc,
where dabc are numbers depending on the la’s. We also give the generalized
quantum Hall soliton extending that obtained in the case of the Laughlin
state.
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Recently it has been proposed that non-commutative (NC) Chern-Simons gauge
theory on the (2 + 1) space may provide a description of the Laughlin state of
Fractional Quantum Hall (FQH) fluids [1-6]. In this context, it has been shown
that the non commutativity parameter  of the Moyal plane is related to the lling
fraction L of the Laughlin state and so to the Chern-Simon eective eld coupling
CS as BL = LCS = 1; with B the external magnetic eld and the subscript
L stands for Laughlin. In [7], see also [8-11], it has been also conjectured that a
specic assembly of a system of D0, D2 and D6 branes and F1 strings, stretching
between D2 and D6, has a low energy dynamics similar to the fundamental state
of FQH systems. There, the boundary states of the F strings ending on the NC D2
brane are interpreted as the FQH particles. In an external strong magnetic eld B,
represented by a large number of D0 branes dissolved in D2, the dynamics of these
particles is modeled by a non commutative Chern-Simons (NCCS) U(1) gauge eld
theory.
In this paper we use these results to develop the NC Chern-Simon theory mod-
eling the description of the hierarchical states of FQH systems. The point is that
FQH systems with general expressions of the lling fraction  are not all of them of
Laughlin type [12]; i.e with lling fraction L =
1
m
, m odd integer. Typical examples
are given by states with (l1; l2) =
l2
l1l2−1 where l1 and l2 are respectively odd and
even integers. These kind of states are approached using hierarchical construction
ideas [13-25]. In the hydrodynamical approach of FQH fluids, the l2
l1l2−1 state can




FQH state while the other describes the condensation of quasiparticles
on the top of the L,1 =
1
l1
. Put dierently, the l2
l1l2−1 state can be imagined as a
composed system of a Laughlin state of lling fraction L,2 =
1
l1(l2l1−1) built on an
other one with L,1 =
1
l1
and satisfying the identity (l1; l2) = L,1 + L,2. As such
the total number of particles can, roughly speaking, be thought of as given by the
sum N1 + N2, where N1 is associated with the state of lling fraction L,1 and N2
with the state L,2; see figures 3 and 4 of section 4. These features apply as well for
higher orders of the hierarchy with  = (l1; l2; :::; ln). Current examples correspond















In the eld theory approach, the hierarchical states we refer to here above are
described by a (2 + 1) dimensional system of coupled CS gauge elds whose action










µνρ + Jµa A
a
µ: (1)
In this eq Kab is a n  n matrix with specic integer entries dening the order
parameters characterizing the fluid and carrying the interactions between the CS
gauge elds. Jµa ’s are external charge density currents linked for n = 1 with the D6
branes charge of the quantum Hall soliton [7,8]. Note that for this case, the above
gauge model reduces to the usual CS eective eld theory of the Laughlin state with





. For n = 2, however, one deals with a FQH system
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with lling fraction (l1; l2) =
l2
l1l2−1 and so with hierarchical states of level two. In
the Haldane model where (l1; l2) may be decomposed as the sum over L,1 and L,2,
the Kab matrix reads then as:
Kab =
(




where we have set l1 = 2P1 + 1 and l2 = 2P2. Notice that because of the property
K12 6= 0; there exists a non trivial coupling between the two A1µ and A2µ CS gauge
elds. This feature will play a crucial role in our present study especially when we
build the NCCS theory describing hierarchies by generalizing Susskind method .
Throughout this study we will discuss in details the above mentioned level two
Haldane states by developing an adequate generalization of the Susskind construc-
tion performed for the Laughlin model. We will also study the case of generic levels
of Haldane other hierarchies. Moreover we build the generalization of the quantum
Hall soliton and give an interpretation of FQH hierarchies in terms of Dp branes of
uncompactied type IIA string theory.
The presentation of this paper is as follows. In section 2 we develop the matrix
model used to describe level two hierarchical states of FQH liquids with a nite
number N of particles. In section 3, we study the NCCS gauge model for the case
of Haldane states at level two and consider the innite limit of N where one dimen-
sional matrix elds are mapped to (2+1)dimensional elds. In this limit the U(N)
symmetry is replaced by SDiff(R2), the group of area preserving dieomorphisms
of the R2 plane while the matrix commutator becomes a Poisson bracket. In section
4 we build the generalized quantum Hall soliton describing hierarchical states while
in section 5 we give results concerning generic values of the level n of the hierarchy.
Section 6 is deserved for conclusion.
2 Hierarchy and Matrix Model for FQH states
In this section we will construct a non-commutative gauge model for the description
of hierarchical states of FQH liquids. This model is based on an extension of the
Susskind analysis made for the case of the Laughlin state. We rst consider the
case of a nite number N of electrons; then we aboard the interesting limit when N
goes to innity. The determination of the standard CS eective eld theory as the
leading term in the NC parameter  will be worked out explicitly.
To establish the matrix model for the description of FQH hierarchies, we will
adopt the following strategy: First we consider a toy model, a matter of introducing
some general tools useful for the next steps. Second we develop our matrix model
for the description of hierarchical states of level two for a system of N1 + N2 = 2N
electrons and nally consider the limit N goes to innity.
2.1 General
To begin consider an electric charged particle, say an electron, moving in the real
plane in presence of an external constant magnetic eld B. Classically this particle
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is parametrized by its position xi(t); i = 1; 2 and velocity vi = @tx
i. For a B eld







which induces at the quantum level a non commutativity structure on the real plane;
i.e [xi; xj] / ij=B. In the case of N classical particles, without mutual interactions,
parametrized by the coordinates xia(t) and velocities v
i
a, the dynamics is dominated
by the B − x(t) couplings extending eq(3) as eB "ij Na=1viaxja and describing a typ-
ical strongly correlated system of electrons showing a quantum Hall eect of lling
fraction  = Ne
Nφ
; where Nφ =
∫
S2 B and Ne = N are respectively the quantum flux
and electrons numbers. Quantum mechanically, there are dierent eld theoreti-
cal methods to approach the quantum states of this system [20], either by using
techniques of non relativistic quantum mechanics [12], methods of conformal eld
theory especially for the study of the edge excitations[14,15] or again by using the
CS eective eld model [16] describing the limit N !1 of electrons. In this case,
the CS theory on the (2 + 1) dimensional space modeling the FQH Laughlin state








The link between this eld action and FQH fluids dynamics has been studied in
details and most of the results in this direction has been established several years
ago [5-18]. However an interesting observation has been made recently by Susskind
[1] and further considered in [2-6] and [8-11]. The novelties brought by the study
made in [1] is that: (1) Because of the B-eld, level n NC Chern-Simons U(1) gauge




In this vision, Eq(4) appears then just as the leading term of a more general theory





d3yµνρ[@µAν  Aρ + 2i
3
Aµ  Aν  Aρ] +
∫
d3yJµAµ; (5)
where  stands for the usual star operation of non commutative eld theory [29]. (2)









[( _X i + i[A0; X
i])Xj + ijA0]α,α); (6)
by substituting the X iαβ’s as:
X iαβ = y
iαβ + "
ij(Aj)αβ; (7)
[yi; yj] = i"ij : (8)
At this stage let us give some remarks, they concern some remarkable properties of
the above analysis that we will not have the occasion to address in the present paper:
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(a) The nite matrix model (6), which has been conjectured in [17] to describe frac-
tional quantum Hall droplets, was shown to be equivalent to the Calogero integrable
model [30] providing then another link between Calogero and Hall systems. (b) The
mapping (7), which is interpreted as describing fluctuations carried by Aj around
the classical solution X i = yiI, is a kind of background eld splitting. It is formally
similar to the gauge splitting one uses in the derivation of matrix model from the
ten dimensional Super Yang-Mills theory [31] by using dimensional reduction from
(1 + 9) down to (1 + 0). Note that in the ideal case where N = 1, eq(6) reduces to
eq(3) with the constraint eq(8); this ideal situation will be shown later on to be just
the leading term of a hierarchical series; see eq (9) and eq(45).
The analysis we gave here above concerns the Laughlin state; the fundamental
state of FQH systems. In what follows we want to generalize it to include hierarchical
states. We will start by considering quantum states of level two and too particularly
those having a lling fraction H(l1; l2) =
l2
l1l2−1 . Later we turn to the general case.
2.2 1D NC U(2) gauge model
In the purpose of studying FQH states with H(l1; l2), let us rst consider a toy
model where the X i(t) = (X1; X2) are two one dimensional 22 hermitian matrix





dt ij Tru(2) [( _X
i + i[A0; X
i])Xj + ijA0] (9)
In this eq A0 = A0(t) is a one dimensional (1D) gauge eld valued in the U(2)
algebra; naively it may be thought of as the time component of the U(1) CS gauge
eld to be considered later on. To x the idea, the above action may be viewed as
associated with the leading term of a general formula; see eq(20).
Since U(2) = U(1)  SU(2), only the U(1) gauge factor of the gauge eld will
contribute in the second term of the action(9). This action depends linearly on A0
and so it is just a Lagrange eld carrying a eld constraint which can be determined








together with the 2 2 matrix constraint equation,
[X i; Xj] = iijI2: (11)
Expanding the X i(t) eld matrix as follows:




where I2 stands for the 2  2 identity matrix and a = (x; y; z) are the usual
Pauli matrices. Splitting the X i0(t) eld component, associated with the U(1) factor
of U(2), as a sum of constant yi and a term dependent on time as:
X i0(t) = (y
i + Z i0(t))I2; (13)
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then putting X i = yiI2 + Z
i back into eq(11), we get the following algebra,
[yi; yj] = iij (1)
[yi; Zj ] = 0 (2)
[Z i; Zj] = 0 (3)
(14)
Eqs (14.2-3) may be further decomposed using the properties of the Pauli matrices,
in particular the Cliord and the su(2) algebraic relations. We nd,











c = 0: (16)
A natural solution of these eqs is obtained by taking Za(t) = 0; a = 0; 1; 2; 4, so that
eq(14-1) describes just the classical solution. Therefore the Z ia(t) elds appearing
in eqs(12-13) are interpreted as describing fluctuations around the classical congu-
ration X i = yiI2. To get the action describing the Z
i
a(t) fluctuations, we substitute






i + i[A0; Z
i])Zj: (17)
This action is invariant under U(2) automorphisms of the matrix elds, namely






Eq(17) may be generalized by including fermions that we have ignored here above as
they are not needed in the present study; it may also be extended by using, instead
of 22 matrices, higher dimensional matrix elds. We will consider this situation in
section 5 when we consider FQH states with lling fraction H(l1; l2; :::; ln). One of
the extensions we are interested in here, which will be used to describe FQH states
at level two of hierarchy (SL2 for short), is based on taking hermitian eld matrix
valued in the u(2) u(N).
3 NC Gauge Model for Haldane States
To start consider the system of N1 + N2 electrons on the real plane parametrized
by the coordinates yi = (y1; y2). N1 should be thought as the number of electrons
associated with the underlying Laughlin state of lling fraction L,1 =
1
l1
. N2 is a
priori the number of particles we get after condensation of quasiparticles [5,21]; it
can be thought of as associated with the lling fraction L,2 = H(l1; l2) − L,1 =
1
l1(l1l2−1) . For reasons of simplicity of the formulation of our eective model, we will
suppose that N1 = N2 = N and consider the case of congurations with a nite
number 2N of electrons whose coordinates are represented by 2N 2N dimensional
hermitian matrices X i(t). These are one dimensional elds valued in the adjoint
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representation of U(2)  U(N)  U(2N). Put dierently, the X i elds have an
expansion generalizing eq(12) in the sense that each component Za is itself a N N







where the TB’s are the U(N) generators. The new matrix model describing the
dynamics of SL2, in presence of a strong B eld, has an action formally similar to
eq (6), except now that the X i(t) and A0(t) elds are in AdjU(2)U(N) and the trace





dtijTr(u(2)u(N))[( _X + i[A0; X i])Xj + ijA0(1 + J0)]; (20)
where J0 is the current density of a given external source and where g2 is a coupling
constant to be determined later on; it carries informations on the SL2 lling fraction
 and the non commutativity parameter . The action (20) is symmetric under the
following change extending eq(18)
X i0 = W +X iW
A00 = W
+A0W − iW + @
@t
W ; (21)
whereW = U ⊗ V , is a unitary transformation of the U(2) ⊗ U(N) gauge group.
Setting U = exp(i
∑3
a=1 a
a) and V = exp(i
∑n2
B=1 BT
B), the innitesimal form of
the transformations eq(21) reads for the case of U(N) gauge symmetry for instance
as:




 + i[; A0] (22)
Before going ahead note that due to eq(14.1), [yi; ] behaves as a derivation since,
[yi; ] = iij@j: (23)
In the limit N goes to innity the one dimensional 2N  2N elds X i(t) and
A0(t) become innite matrices; they may be represented by (2+1) dimensional eld
X i(t; y1; y2) and A0(t; y
1; y2) and so is the Z i fluctuations around the classical so-
lution; all of them are valued in the U(2) algebra. For later use let us expand this
eld in terms of the U(2) generators as,





Moreover when N −! 1 the U(2) ⊗ U(N) symmetry is also mapped to U(2) 
SDiff(R2); SDiff(R2) being the area preserving dieomorphism group of R2
plane. So the Z i(t; y1; y2) fluctuations around the classical solution yiI should be
6
proportional to the space components Aj(y) of the U(1) Chern-Simons gauge eld
as
Z i(y) / ijAj(y): (25)
Since the Z i(y) fluctuations scale as [Z]=[X]=[y]=L while the gauge eld Aj scales
as L−1, the factor of proportionality should scale like [X]/[A]=L2 as  does. Here
below we study these fluctuations and derive the extension of eq(7) for the case of
SL2.
3.1 Generalized Susskind map
In the decomposition (24) involving the dimensionless Pauli matrices, the scaling
behaviour of X is completely carried by the Z ia component elds. To convert this
expansion in term of the Ai gauge elds scaling as (length)−1, it is convenient to
introduce a new vector basis f 1;  2;  3  4g of U(2) related to the standard Pauli





b ; a; b = 1; 2; 3; 4: (26)
where the entries of the invertible 4 4 matrix Γ scale as (length)2. This change of
basis turns out to be very useful when studying the order parameters of FQH fluids;
see eqs (32) and (34). To x the ideas, let us give hereafter the following special
choice for 1 and 2 in terms of 
a’s,
1 = [ 0I + 1
x + 2
y ];
2 = [ −1x − 2y + 3z ]; (27)
where we have set 1 = Γ
1
1 = −Γ21; 2 = Γ12 = −Γ22; 3 = Γ23 and 0 = Γ44. Similar
formulas may be worked out for 3 and 4, but we dont need them for the present
study. We will show later that the a parameters in the above eqs are related to the
l1 and l2 order parameters of the SL2 congurations and to the non commutativity




i (y) + 2A
2
i (y) + 3A
3
i (y) + 4A
4
i (y); (28)
which upon substituting eq(26), we get the right relation between the Z and A
fluctuations.
To get the innitesimal gauge transformations(22), we have to make use of the
correspondence rules mapping innite matrices algebra to the space of functions on
the plane. Among them we set:
(i) In the innite limit, N  N matrix commutators [F (t); G(t)]αβ are replaced
by the Poisson bracket fF (y); G(y)g = "kl@kF@lG. In other words,
lim
N!1






So that the innitesimal gauge transformation reads as,
Aµ = @µ + f; Aµg+ 0(2): (29)
(ii) the trace TrU(2)⊗U(N) operation over the U(2) ⊗ U(N) adjoint representation
states is mapped for N !1, to ∫ d2yTrU(2); limN!1TrU(N) should be thought of
as
∫
d2y. Therefore we have, after setting t = y0 and associating the Dirac delta









Taking into account these features, the N −! 1 limit of the matrix model
action, we have been describing is given by the following NC Chern-Simon gauge





d3y µνρ TrU(2)[@µAνAρ − 1
3
AµfAν ; Aρg] +O(2) (30)
Like in the Susskind analysis, the O(2) terms carry higher corrections in the NC
parameter which can be obtained by expanding the star product in eq(5). Here we
will ignore this detail and so forget about it. The above action is quite similar to
eq(1) that we are looking for. A careful inspection shows that eq(30) is not con-
venient to describe states of level two of the hierarchy as it contains a non abelian
gauge symmetry which is not allowed for the study of FQH hierarchies. In other
words the expansion(28) and so eq(30) contain too much degrees of freedom, too
much more than those appearing in eq (1). They should be then reduced down to
two gauge elds only.
SL2 Constraints
To solve this problem, we require the two following physical constraints motivated
from classical analysis of SL2:
(C1) the gauge fluctuations Aj(y) around the classical solution should be carried
by two gauge elds A1j(y) and A
2
j(y) instead of the four ones involved in the U(2)






where 1 and 2 are as in eqs(27).
(C2) In the CS eective model of SL2 eqs (1-2), one sees that the above men-
tioned A1µ and A
2
µ gauge elds are coupled to each other through the Kab matrix.
Therefore we demand that tr(ab) has moreover a non diagonal contribution de-
scribing the Aaµ −Abµ couplings.
tr( 2a ) = a
tr(ab) 6= 0; for b 6= a: (32)
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In this eq the a parameter is a numerical constant which, for the case of Haldane
hierarchy, is equal to la
g22
.
The model for level 2 states
Putting these two physical constraints back into the action (30), we get up to

























The leading term of eq (33) is just the usual CS eective eld model describing
the level two hierarchical states of FQH liquids as shown in eq(1). The second
term, however, is the novelty dening a set of order parameters generated by non-
commutativity. Actually the action (33) can be denoted as S2; it extends the
Susskind action S1 eq(5) for the rst order in . Both S1 and S2 may be viewed as
the two leading terms of a hierarchy of functionals Sn. Moreover given a hierarchy
at the level two; that is a 2 2 matrix Kab, one can compute the 0; 1; 2 and 3
parameters involved in eq(27)and then determine the Cabc coecients. To illustrate
the method of work, let us rst perform the calculations for the level two of the
Haldane hierarchy.
3.2 Haldane Hierarchy
The order parameters of the level 2 Haldane state of FQH fluids are encoded in the
22 matrix Kab given by eq(2). So comparing this equation with eq (34.a), one can
compute explicitly the 1 and 2 matrices. Straightforward calculations leads to:
g22 = 2





3 + ): (35)
where P1 and P2 are as in eq(2) and where  = 1 + i2. As we see these relations
dene actually links between the parameters of the Haldane SL2 conguration and











Moreover as the a moduli scale as (length)
2 exactly like the non commutativity
parameter  of the Moyal plane eq(14.1), it is then natural to make the following
scaling change,
 = 
 = ; (37)
where now  is a non zero complex dimensionless number. Note by the way a
similar change may be also performed for the 0 and 3. However and as we will
see hereafter, this feature emerges naturally from the scaling eqs(37). Putting this










2p2 − 1: (40)
Setting  = 1 + i2 and grouping altogether the above results, one nds the right











where the X iab’s are given by:







(2p2 − 1)A2j ];
X i12 = "
ij[A1j −A2j ]
X i21 = "
ij[A1j −A2j ] (42)







(2p2 − 1)A2j ];
This is a set of sixteen solutions; they dene the generalized Susskind mapping.
Moreover, using eqs (34-b) and (39-40); we can also compute the cubic coupling
Cabc; we nd:









C222 = 0: (43)
The remaining other parameters are related to the above ones due to the cyclic
property of the trace. Remark that Cabc couplings are indeed proportional to  as
expected.
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4 Hierarchy and FQH Solitons
Following [7], see also [8] a fractional quantum Hall phase similar to the one we
have been describing is also observed when studying the low energy dynamics of
brane bounds involving D0, D2 and D6-Branes of the ten dimensional uncompact-
ied type IIA superstring. Denoting the IIA string coordinate eld variables by
ft(); %(; ); #(; ); ’(; ); fyi(; )g4i9;g,  and  are the usual string world
sheet variables which should not be confused with U(2) a and a matrices intro-
duced in previous sections, the above mentioned D branes bound system, called also
quantum Hall soliton, is built for the case of the Laughlin state as follows:
Quantum Hall Soliton
(a) One two space dimensional spherical D2 brane parameterized by ft; % =
R; 0  #  ; 0  ’  2; 06g. At xed time, this D2-Brane is embedded in
R3  R+  S2 and for large values of the radius, D2 may be thought locally of as
R1,2 which is interpreted as the space time of the CS gauge theory.
(b) N flat six space dimensional D6 brane parameterized by ft;03; fyig4i9g
thought of as an external source of charge density J0 / N3(x) located at the origin
(x1; x2; x3) = (0; 0; 0) of the D2 brane.
(c) N fundamental strings F1 stretching between D2 and D6 and parameterized
by ft; 0  %  R; 02; 06g. The string ends on the D2 brane are associated to the
electrons of FQH fluids .
(d) M D0-branes dissolved into the D2 brane; They dene the flux quanta as-
sociated to the external magnetic eld B of FQH systems.
In this scheme, the FQH particles in the Laughlin state are described by two
N  N hermitian matrices X1(t)  R#(t) and X2(t)  R’(t) which for large R
can approximated by a flat patch of R2. In the innite limit of N and M (strong
external magnetic eld), the one dimensional matrix elds are mapped to the (2+1)
elds given by X i(t; y) = yi + "ijAj(t; y) as discussed in section 3.
For states of the level two of hierarchy, and more generally for generic n levels
with n  2, one can also build quantum solitons by extending the above construc-
tion. The key point in the generation of hierarchical states out of brane bounds is
to suppose that F1 strings end on a collection of n D2 branes in a specic manner.
Let us rst present the generalized quantum Hall soliton we propose for describing
hierarchy; then we make comments:
Generalized Quantum Hall Soliton
It is built as follows; see gures 1,2,3 and 4:
(a) n coincident spherical D2 brane which we represent as fnD2g. It has a U(n)
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symmetry group generated by an n2 dimensional basis of n  n matrix generators
ta.
(b) A system containing (N1 + N2 + ::: + Nn) flat coincident D6 branes to which
we refer to as fNaD6g1an. They are located at the origin of the three space
(X1; X2; X3) and are associated with the dierent charge densities J0a one encoun-
ters in the eective CS gauge model of FQH fluids; eq(1).
(c) A system of fN1 + N2 + ::: + Nng fundamental strings F1, fNaF1g1an,
stretching between the nD2 and fNaD6g1an. String ends on the nD2 branes are
associated with the various kinds of particles involved in the building of the hierar-
chical states of FQH fluids. The various Na particles are obtained by condensation
of quasi-particles which in the present language are associated with the n J0a current
densities. For simplicity, we suppose that Na’s are all of them equal and so the total
number of particles is nN .
Moreover these string sets are not independent; they do interact as required by
the eective CS gauge theory for FQH hierarchy. Given two string sets F1(a) and
F1(b), their interaction is carried by Kab coupling.
(d) MD0 branes, with, M = (M1 + M2 + ::: + Mn), dissolved in the nD2 branes







Figure 1: This figure represents a generalized fractional Quantum Hall Soliton de-
scribing the level n of the hierarchy. It consists of n coincident spherical D2 branes,







  Represents the end of one F1 string on  the spherical D2 branes.
  Represents one of the D0 branes disolved in the spherical D2 brane.
Figure 2: represents a portion of the n coincident spheres describing the generalized
fractional Quantum Hall Soliton.
Comments
The generalized quantum Hall soliton describes, amongst others, a set of N1 +
N2 + ::: + Nn particles. Upon taking all Na’s equal to N , the system has then nN
particles and a richer symmetry which make it more or less simple to handle. We
will consider hereafter this special case.
For nite Na’s, F1 string ends X
i(t) of the full set fNF1g = ⋃na=1fNaF1g, with
nN particles, are valued in AdjU(n)⊗U(N) with very particular coecients. These
coecients are xed by the nature of the F1(a) and F1(b) interactions which, for the
case of Haldane hierarchy, should be in agreement with the two constraints imposed
by the eective CS gauge model of the FQH systems.
String ends of the (NaF1) subsystem of f(NaF1)1ang, are described by the N 
N matrix X ia(t). This one dimensional eld is just the development of X
i(t) =∑n
a=1 t
aX ia(t), where the n t
a hermitian matrices are given by a particular subset of
the u(n) algebra generator basis system. The X i(t) elds describe then the full set
f(NaF1)1ang. Moreover according the analysis of section 3, it is more convenient
to expand X i(t) as:






where ;  = 1; :::; N and where Γ is a n  n matrix whose entries Γab scale as
(length)2. Γ generalizes just the one dimensional non commutative parameter in-
volved in the analysis on the Laughlin state.
In the limit N innite, the F1 string ends ll all the space of the D2 branes and
so the 1D N N matrix (Aj)αβ(t) is mapped to (2+1)D gauge eld Aj(t; y). Each




consequently the full F1 string ends set
⋃n
a=1f(NaF1)g is described by the gauge
eld system fA(a)µ ; 1  a  ng. F1 string interactions are carried by the Kab. Fi-
nally note that the D6 branes appear as external source of charge which couples to














. States with 3 D0 branes correspond to L =
1
3





Portion of two coincident
Spherical D2 branes
Figure 4: Here we show two F1 string ends of the level two of the hierarchy of filling
fraction 2
5








) state is represented
as an F1 string end surrounded by 3 (resp 15) D0 branes.
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5 More Results
Here we give the results for generic levels of the Haldane hierarchy by following the
lines of section 3. In this case FQH hierarchical states at level n are described, for
a nite number nN of particles, by a one dimensional nN  nN hermitian matrix
X i(t) eld valued in the u(n) u(N) algebra. The corresponding matrix model for





dtijTru(n)u(N)[( _X + i[A0; X i])Xj + ijA0]; (45)
where gn is a coupling constant. This action extends the Susskind model as well as
the formula (20) respectively obtained by setting n = 1 and n = 2. Eq(45) denes
then a sequence of models in one to one correspondence with FQH hierarchy. For a
nite number N , the X i’s may be treated as





where In is the n  n identity matrix, the ta’s are the (n2 − 1) su(n) generators
and where each component Z ia is itself given by a N  N matrix of AdjU(N). As
we have noted in section 3, the Z ia fluctuations around the classical conguration
are not all of them allowed in the study of FQH hierarchy; only n amongst the n2
ones are involved in the eective CS model as shown on eq(1). To get the right
fluctuations, we shall follow the method we developed previously by introducing a
new vector basis fa; 1  a  n2g of the u(n) algebra. This new basis is related to
the old one as
a = Γab t
b ; (47)
where Γab is an invertible nn matrix. Note that as far as this change is concerned,
we will need in practice only n matrices a, 1  a  n which, without loss of
generality, can be taken as:






a = [−(aE+a−1 + aE−a−1) + γaHa−1 + (aE+a + aE−a )]; 2  a  n− 1;
n = [−(nE+n−1 + nE−n−1) + γnHn−1]: (48)
In this equation the Ha’s and E

a ’s are respectively the n  n matrix Cartan gen-
erators and Chevalley step operators of the su(n) algebra while the a’s , γa’s and
a’s are parameters which should be related to the order parameters of SLn. The
Ea ’s are the generators associated with the a simple roots of the su(n) algebra.
Notice that the above expression for the a matrices depend on 5n− 4 real moduli;
that is n real parameters γ1; γ2; :::; γn, n − 1 complex 2; :::; n and n − 1 complex
1; :::; n−1. These moduli are not all of them independent; only a subset of them
do. Later on we will show that for the case of Haldane hierarchy there are n + 1
independent moduli giving the n CS levels la and the non commutativity parameter
.
15
In the limit N innite, the 1D u(n) u(N) Z i(t) elds are mapped to (2+1)di-
mensional Z i(t; y1; y2) valued in the u(n) algebra which in turns can be set as
Z i(y) = "ijAj(y) as required by the U(1)  SDiff(R2) invariance. Taking into
account all above features and following the same lines we used for the SL2 mode







AµfAν ; Aρg] + 0(2): (49)
Moreover, as we noted in the case of level two of the hierarchy, the expansion (49)
is not the one needed to describe the FQH hierarchy; it involves n2 gauge variables
while we need n elds only. This means that eq(46) should be constrained as in eq
(44).
For the n− th level of the Haldane hierarchy, the SLn constraint eqs leading to









ab 6= 0 for b = a 1; (51)
Tr(ab)− la
g2n
ab = 0 otherwise:
The a solutions of (51) are indeed given by eqs(48). Putting these constraint eqs
back into the above action, we get similar relations to those given by eqs(33); but









These formulas are then valid for any order n of the hierarchy and are, in this sense,
universal. Furthermore, using the explicit form of the K matrix of Haldane namely,
Kab = laa,b − a,b−1 − a,b+1; (53)
we can determine the link between the a , γa and a parameters appearing in eqs(48)















Since Haldane hierarchical states are specied by the la levels of the CS gauge model
and the  parameter, the a and γa moduli should be constrained. A convenient
16
choice for the a and γa parameters consists of setting set a = a = , for all values
of a. This permits to have the right degrees of freedom one has in Haldane theory;
that is: γ1; γ2; :::; γn and . Therefore the a matrices of eqs (48) are reduced to:





a = γaHa−1 −  (E+a−1 + E−a−1 + E+a + E−a ); 2  a  n− 1;
n = γnHn−1 −  (E+n−1 + E−n−1): (55)















These eqs may be rewritten in the following equivalent form which establishes the
link between the CS integers l1; l2; ln and the coupling gn on one hand and the 
and γa moduli on the other hand;











2 even integer; 2  a  n− 1;





2 even integer: (57)
Actually the above eqs constitute a generalization of the Susskind result on Laughlin
state and the level 2 Haldane state we have obtained in section 3, eqs(38). These
analysis correspond just the two leading modes SL1 and SL2 of a hierarchy of SLn
congurations.
6 Conclusion
In this paper we have developed the non commutative Chern-Simons gauge analysis
for the description of the hierarchical states of fractional quantum Hall liquids. For
a generic level n of the hierarchy, we have shown that Susskind analysis made for
the Laughlin state is naturally generalization for the hierarchical one. Using general
features on the CS eective eld model of FQH hierarchical states, we have rst
studied hierarchical states at level two with a special focus on the Haldane hierarchy
and then considered the generic case. Among our results:
(a) The derivation of the matrix model describing a set of a nite number nN





dt ij Tru(n)u(N)[( _X + i[A0; X i])Xj + ijA0]; (58)
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where the various quantities appearing in this action were introduced in the core of
this paper. Notice that for n = 1, this action coincides with that given in [1] and
further elaborated in [32] in connection with the study of edge excitations.
(b) The obtention of the generalized mapping, extending the Susskind change















: : ::: :















Aaj (y) (a)BD); (60)
and where the a’s are as in eqs(55-57). Putting eq(60) back into eq(58), one gets
the well known eective eld action (1), but also corrections induced by (2 + 1)
space-time non commutativity as shown in eq(49).
(c) the proof that the Kab order parameters are indeed related to the non com-
mutativity  parameter; they are given by −2Tr(ab), where the fa; 1  a  ng
set is given by a specic system of nn matrices depending on n+1 moduli γ1; :::; γn
in addition to the coupling constants gn. The γa moduli are shown to be related to
the la integers of the FQH Chern-Simons eective eld theory. These relations were
worked out explicitly for the case of Haldane hierarchy as shown in eqs (57).
(d) our analysis predicts moreover the existence of a tensor Cabc of induced
order parameters. This set of order parameters is shown however to be not a new
class as these orders are not really independent. The Cabc’s are shown to be given
by −2Tr(abc) / dabc, where dabc are numbers expressed in terms of the u(n)





Furthermore, we have studied the link between Hierarchical states of FQH fluids
and D branes. By extending the construction of refs [2,3] associated with the Laugh-
lin state, we have built the generalized quantum Hall soliton supposed to describe
generic SLn modes; n  2, as a subsystem. As in the case of the Laughlin state, the
generalized quantum Hall soliton carries here also much more physics; in particular
two coupled CS gauge theories, one describing the electron fluid and the other the
fluid of D0 branes. In the present analysis we have considered the special situation
where all Na’s are equal. We have supposed that the number Na of particles one
obtains from the a-th condensation is equal to N for any index a. The resulting
system has a total number of particles equal to N1 +N2 + :::+Nn = nN and a U(n)
symmetry. It would be interesting to explore the general issue for a system of nite
number of particles where the Na’s are dierent and rebuild the underlying eective
non commutative CS gauge model.
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